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Direct Optimization Using Collocation Based on High-Order
Gauss-Lobatto Quadrature Rules

Albert L. Herman* and Bruce A. Conway^
University of Illinois at Urb^ana-Champaign, Urbana, Illinois 61801-2935

The method of collocation and nonlinear programming has been used recently to solve a number of optimal
control problems. In this method polynomials are commonly used to represent the state variable time histories over
subintervals of the total time of interest. These polynomials correspond to a family of modified-Gaussian quadrature
rules known as the Gauss-Lobatto rules. Presently, relatively low-order rules from the Gauss-Lobatto family, such
as the trapezoid and Simpson's rule, are used to construct collocation solution schemes. In this work higher-order
Gauss-Lobatto quadrature rules are formulated using collocation point selection based on a particular family of
Jacob! polynomials. The advantage of using a quadrature rule of higher order is that the approximation using
the higher degree polynomial may be more accurate, due to finite precision arithmetic, than a formulation based
on a lower degree polynomial. In addition, the number of subintervals and, therefore, the number of nonlinear
programming parameters needed to solve a problem accurately may be significantly reduced from that required if
the conventional trapezoidal or Simpson's quadrature schemes are used. An optimal trajectory maximizing final
energy for a low-thrust spacecraft is used to demonstrate the benefits of using the higher-order schemes.

Introduction

T HIS paper describes work accomplished in developing methods
for finding accurate numerical solutions to optimal low-thrust

orbit transfer problems based on direct collocation. In the direct
optimization technique used, the optimal control problem is con-
verted into a nonlinear programming (NLP) problem. The solution
time history is discretized, and polynomial interpolants are used to
approximate solutions over subintervals of the total time history.
These polynomials are computed using collocation point selection
based on Jacobi polynomials. The resulting polynomial interpolants
take on the form of a family of modified-Gaussian quadrature rules
known as the Gauss-Lobatto rules. These quadrature rules are ap-
plied to solving an optimal orbit transfer problem where the benefits
of the higher-order schemes are demonstrated.

The method of direct collocation has recently been used by a
number of researchers to solve orbit transfer problems. Optimal tra-
jectories for spacecraft using finite thrust were found by Enright and
Conway1'2 using direct collocation. The problems they solved in-
clude optimal rendezvous and transfer, and optimal multiburn orbit
insertion from hyperbolic approach. They check the solution accu-
racy by comparing the direct collocation solution with the calculus-
of-variations (COV) first-order necessary conditions. Scheel and
Conway3 demonstrate the use of a direct method for the problem of
very-low-thrust transfers from planar circular orbits and do a sim-
ilar a posteriori check of the COV necessary conditions. In none
of these three investigations, however, are examples given of in-
accurate solutions or what may be done to improve solution ac-
curacy. Betts4 applies a direct method to solving low-thrust orbit
transfers for spacecraft that undergo a large change in orbit incli-
nation. In addition, Betts5 uses a direct method for finding opti-
mal interplanetary orbit transfers. However, the numerical accu-
racy of the solutions presented is not demonstrated. Pierson and
Kluever6 use a direct method as part of a solution for optimal planar,
Earth-moon orbit transfers. They compare the resulting solution
with that obtained from solving the two-point boundary-value
problem (TPBVP) that results from applying COV to the opti-
mal control problem. They state that the solutions were identical
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without providing details. Tang and Conway7 solve a low-thrust,
Earth-Mars transfer problem using direct collocation (without pro-
viding estimates of accuracy). Recently, demonstration of the accu-
racy of computational results has become important.8 In this work,
methods for accurately determining numerical approximations to
optimal low-thrust orbit transfer problems are presented.

This discussion begins by describing the COV necessary condi-
tions for optimal control. These optimality conditions, however, are
not used explicitly in the process of finding a solution, but, instead,
are used in an a posteriori check of the accuracy of a solution. Next,
the numerical solution method used to solve the optimal control
problem is described. Then, these improved methods for numeri-
cally solving optimal control problems are applied to the example
of a low-thrust orbit transfer problem.

Optimal Control Problem
In this work, the control histories that take a set of states from

specified initial conditions to their desired final conditions are found.
In addition to satisfying the state boundary conditions, these control
histories are to minimize a function that is a function of the final
values of the states. These states are governed by a system of first-
order, ordinary differential equations (ODE) given by

where jc is an n x 1 vector of states, u is an m x 1 vector of controls,
and f ( x , u) is an n x 1 vector representing algebraic functions of
the states and controls that are termed system equations. The initial
conditions for the states are

"*(*/) = */

and the desired final conditions are

1 = 0

(2)

(3)

where \& is a q x 1 vector of algebraic functions of the states at a
fixed final time T. The control time histories are to be chosen so
that a performance function is minimized while satisfying the system
equations given in Eq. (1) with initial conditions given in Eq. (2)
and final condition constraints given in Eq. (3). This performance
function is

J = 4>l*(T)] (4)
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where 0 is a scalar function of the values of the states at the final
time.

An approach9'10 to solving this optimal control problem is to
adjoin the system differential equations given in Eq. (1) along with
the final condition constraints given in Eq. (3) to the performance
function given in Eq. (4) (the initial conditions are satisfied directly).
This formulation results in the augmented performance functional
given by

J = • - — \}dt (5)

where A is an n x 1 vector known as costates and v is a q x 1
vector of multiplier variables associated with the final condition
constraints. The COV first-order necessary conditions9 for optimal-
ity of the augmented performance functional include the costate
system equations

dA
dt

3H
(6)

where H = A7/ (called the system Hamiltonian9). Boundary condi-
tions for the costate variables are given only at the final time. These
final conditions are

where

3x(T)
' = (/> + vTi&. An additional condition for optimality is

8HT

(7)

du
= 0 (8)

The remaining optimality condition is that the solution to Eqs. (6-8)
must also satisfy the system equations given in Eq. (1) with initial
conditions given in Eq. (2) and final condition constraints given in
Eq. (3). This system of equations thus constitutes a TPBVP and
may be used in an indirect solution process for the original optimal
control problem given in Eqs. (1-4).

This TPBVP is very sensitive to the boundary values of the prob-
lem making it difficult to solve. Even if a method for solving this
TPBVP were found that provides a robust solution process, how-
ever, it still would require repeated derivation of the Euler-Lagrange
equations for each new problem. The goal of this work is to solve di-
rectly the original formulation of the optimal control problem given
in Eqs. (1-4) without resorting to the use of the Euler-Lagrange
equations, i.e., directly, meaning without the use of the costate vari-
ables or Euler-Lagrange equations.

Numerical Solutions
The solution method employed here requires that the continu-

ous variables be represented (or approximated) by discrete vari-
ables, so that the problem becomes one of constrained parameter
optimization.1'2'11"13 This approach discretizes the solution time
history into L subintervals. The endpoints of these subintervals are
denoted as {r0, t\,..., r/, ti +1,..., tL-i,tL}, where r0 is the initial
time tj and tL is the final time T. An example of a discretized time
history with a total of eight subintervals is shown in Fig. 1. Within a
given subinterval [tj, r, +1] it is desired to approximate the time his-
tory of a solution including the numerical integration of the system
equations/(jc, M).

Next, the basic rules for numerical integration are given followed
by a presentation of methods for producing integration rules us-
ing collocation based on a particular family of Jacobi polynomials
(which result in the Gauss-Lobatto quadrature rules). These rules
are then used to formulate solution methods for solving differential
equations. These formulations are then used to directly solve the
optimal control problem.

Basic Methods
The solution to the equation dx/dt = f ( t ) may be cast into the

form

/

*/ + !

. /

*/+!

..

13 t4 t5 t6 t7

Fig. 1 Solution time history discretization.

tg

where Ar/ = ti +1 — ti9 resulting in the well-known approximation
called the rectangle rule. There are many other numerical integration
schemes, for example the well-known trapezoidal rule

'i

.,

A// (10)

In the numerical approximation given in Eq. (10), the integrand is
approximated with a linear function. Another method of approxi-
mating f ( t ) over a subinterval is to use a polynomial interpolant.
One method that uses a polynomial interpolant is the well-known
Simpson's rule. In this rule, the integrand is approximated using a
quadratic polynomial that evaluates to the integrand at the endpoints
ti and ^ + 1 of the subinterval and at the center point of the subinter-
val tc = (tj + tj + 0/2. This quadratic interpolant is integrated once,
resulting in the approximation

r + l

The method of Simpson's rule uses three discrete values of the
integrand. Two of these discrete values are arbitrarily chosen to
correspond to the endpoints of the subinterval |>/, f,- + i]. The re-
maining value is determined using the center point of the interval
tc. These three evaluation points are termed the collocation points,
i.e., the slope of the approximating polynomial is collocated with
the integrand at these points. A question arises as to where to lo-
cate additional collocation points to be used in the case when the
interpolant is of higher degree than the quadratic interpolant used
in Simpson's rule. It can be shown that this choice is related to the
error in the approximation.

Error Analysis
It is desired that the error of the approximate integration be of

the highest order possible. By this it is meant that the function that
represents the error in the approximate integration is a function of the
subinterval length At/ to an integer power that is as large as possible.
Let pm(t) be a polynomial in time with the highest power of t
being m. This polynomial is constructed by choosing the coefficients
associated with each term so that the resulting polynomial evaluates
to the integrand, f ( t ) , at selected points in the interval [r/, ti + i\.
Thus, the integration of pm (t) is an approximation to the integral of
/(r). Let the error in the integral of pm (t) over the interval [tj , r/ + J
be defined by

/

n + \ r fi +1
f ( t ) d t - I

J*i

pm(t)dt (12)

which is called the local discretization error (or, more precisely,
called the local truncation error). The local truncation errors for the
rectangle and trapezoid rules are proportional to Aft

2 and Af3 , re-
spectively. The derivation of local truncation error may be found in
several references.14"17 The power on the subinterval length Ar/ of
the trapezoid rule error is higher than that of the error for the rectan-
gle rule. Thus, the trapezoid rule is of higher order than the rectangle
rule. As Af, is reduced (thus increasing the number of subintervals
in a time history discretization), the trapezoid rule approximation
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improves cubically, whereas rectangle rule improves only quadrat-
ically. The local truncation error for Simpson's rule is proportional
to Atf.

The order of accuracy is that power of the stepsize Af/ to which
the truncation error is proportional. The order of accuracy is impor-
tant in determining the accuracy of a method due to finite precision
arithmetic used in computer solutions. Skeel and Keiper18 state that
"the order of accuracy is the first and foremost measure of a method's
power to approximate." In addition, concerning the choice of step-
size, Conte and de Boor14 state the following:

The accuracy of a numerical integration will depend upon the
discretization error and the accumulated rounding error. To
keep the discretization error small, we will normally choose
the step size h small. On the other hand, the smaller h is taken,
the more integration steps we shall have to perform, and the
greater the rounding error is likely to be. There is, therefore, an
optimum value of the step size h which for a given machine and
a given problem will result in the best accuracy. This optimum
is in practice very difficult to find without the use of extensive
amounts of computer time. The existence of such an optimum
does show, however, that there is some danger in taking too
small a step size.

For ODEs the discretization error of concern is the global truncation
error that is a measure of the error in propagating a set of states from
an initial state to the resulting final state using some discretization
scheme. The global truncation error results from using a method
to integrate a function over an interval that has been subdivided.
Thus, the global truncation error results from the accumulation of
local truncation errors. Because the stepsize and the number of lo-
cal truncation error values to be summed are both proportional to
the number of subintervals, the global truncation error is of order
one less than the local truncation error. For example, if one were to
use Simpson's rule for integrating a function with L total intervals
of equal length Af/ = (T - f/)/L or L = (T - f / ) /Af / . Then,
the global truncation error is the sum from 1 to L of local trun-
cation errors for each subinterval, resulting in a sum of functions
that are O(h5). Hence, this global error is proportional to LAtf =
(T — tj) Af/, making the order of accuracy of Simpson's rule equal
to 4. The greater is the order of accuracy, the greater is the reduc-
tion in error if the stepsize is made smaller. Therefore, as the order
of accuracy increases, a specified accuracy may be achieved with
larger stepsizes, reducing the accumulation of rounding errors. As
a rule of thumb one should choose the order of the scheme to equal
the number of digits of accuracy desired.19

As mentioned previously, a question arises as to the choice of
additional collocation points to be used to derive additional integra-
tion rules with orders of accuracy higher than Simpson's rule. In this
work, the interpolating polynomial will always use discrete values
of the integrand at the endpoints of the subintervals. Thus, only the
collocation points internal to a subinterval must be determined.

Collocation Point Determination
The collocation points internal to a subinterval used to formulate

an integration rule are chosen to increase the order of accuracy of the
resulting integration rule to the highest order possible. The resulting
integration rules are a family of modified Gaussian integration rules
known as the Gauss-Lobatto rules.15"17 The collocation points that
maximize the power of A// in the local truncation error are the roots
of the corresponding Jacobi polynomial. Jacobi polynomials are the
family of polynomials that are orthogonal on the interval [—!,+!]
with respect to the weight function w(s) = (1 — s)a(l + s)P. In
the Gauss-Lobatto rules, a = ft = 1. A subinterval with endpoints
[r/, r/ + 1] may be transformed to the interval [—1, +1] using the
transformation s = 2(t - r,-)/A^ - 1. The interpolating polyno-
mial may then be formulated by interpolating f ( t ) at the endpoints
of the interval [—1, -fl] and at the zeros of the corresponding Ja-
cobi polynomial. For a quadratic polynomial interpolant, the cor-
responding Jacobi polynomial has one root with a value of zero,
which is the center point of the subinterval. This interpolant results
in Simpson's rule. Thus, the Gauss-Lobatto family of integration
rules begins with the trapezoid and Simpson's rules and continues
with higher order rules. For the Gauss-Lobatto integration rules,

the degree of the integrated polynomial matches the number of dis-
crete values of the integrand used to formulate the interpolating
polynomial. Thus, the trapezoid rule is the second-degree rule and
Simpson's rule is the third-degree Gauss-Lobatto integration rule.
For the fourth-degree Gauss-Lobatto integration rule the roots of the
corresponding Jacobi polynomial are {— ̂ /(l/5), v/Cl/5)}, yielding
the approximate integration rule

T + 1

+ 5f(tc + ̂ 17 )̂ + /fe + i)] (13)
which has an order of accuracy of 6. Thus, the fourth-degree inte-
gration rule may result in a more accurate solution than Simpson's
rule when considering finite precision arithmetic. For the Gauss-
Lobatto fifth-degree integration rule, the collocation points are
{— VCV7), 0> >/(3/7)} yielding the approximate integration rule

f ( t ) d t « +64/(rc)

(14)
which has an order of accuracy of 8.

Application to Differential Equations
If one wishes to find a solution to differential equation of the

form dx/dt = f ( x ) , it is straightforward to apply the rectangle rule
of Eq. (9). With an initial value for the state, the formula Xj + i =
Xi + Atif(Xi) may be applied iteratively to propagate x for specified
values of Af/. This form of the rectangle rule applied to a differential
equation is the well-known Euler's method. For known values xf, r/,
and f,- +1, a value for jc/ +1 may be computed. This method is explicit
in that the value jc/ +1 is not used to compute a discrete value of
the integrand f ( x ) . Applying the trapezoid rule to the differential
equation results in the implicit method

Here, *,- +1 is used to compute a discrete value of the differential
equation, thus making this method an implicit method. An approach
to using this method is to solve Eq. (15) analytically for xi + i and
then use the resulting explicit formula for jt/ +1 to propagate x. It may
not be possible, however, to solve Eq. (15) for ;c, +1 analytically, and
even if it is possible for a particular problem, the resulting formula
would not be generally applicable. Therefore, an alternative method
for solving Eq. (15) is to formulate it as the constraint

CT(Xi,xi + l ) = xf - xi + 1 = 0 (16)

termed the trapezoid system constraint (explicit functional depen-
dencies are omitted). This equation may be solved for */ + 1 by some
numerical technique resulting in a general method.

For Simpson's rule, the derivation of an analogous constraint is
not straightforward. Remembering that Simpson's rule is formu-
lated assuming a quadratic approximation of the integrand /(;c),
the state time history must be approximated by a cubic polynomial.
This polynomial represents an integration of the polynomial used to
interpolate f ( x ) at the endpoints and center points of a subinterval.
In this case parameters representing the state at the endpoints are
used to formulate a constraint. No parameters, however, are used
to represent the state internal to the interval (as is the case when
Simpson's rule is used as the corrector step in a multistep method).
The endpoint information available is the parameter values of the
states xi and xf + 1 and the system equation values ff and // + 1 . Using
these four pieces of information, a Hermite-cubic polynomial repre-
senting the state time history between the endpoint times r/ and t\ + \
may be constructed,11'12 as shown in Fig. 2, and used to compute a
value of the state at the center point of the subinterval, yielding

xc = ( (17)

where xc is a discrete approximation for x ( t ) at tc. Simpson's sys-
tem constraint is then formulated using xc to evaluate the system
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[+1

Fig. 2 Simpson's system constraint formulation.

equation resulting in a discrete value of the system equation at the
center point of the subinterval, /c = f ( x c ) . Then equating fc with
the first derivative in time of the Hermite-cubic polynomial evaluated
at the center point of the subinterval x'c yields the system constraint

+ (&ti/6)[fi+4fc + = 0 (18)

This constraint has been termed the Hermite-Simpson system
constraint.20

For the fourth-degree Gauss-Lobatto integration rule, the process
of transforming the integration rule to yield a constraint is analo-
gous to the process just described for the Simpson system constraint
but is more complex and yields two system constraints per subin-
terval. In this case the resulting state time history is approximated
by a fourth-degree polynomial requiring five pieces of information.
Four pieces of information are available at the subinterval endpoints
(xt , ft , x, \ + 1 , fi r + 0 as shown in Fig. 3; thus, one additional param-
eter per subinterval is required in the discretization of the problem.
This parameter is chosen to be the value of the state at the center
point of the interval xc. This polynomial interpolant, as shown in
Fig. 3, is then used to compute discrete values for the state at the
two interval collocation points, t\ and f2» for this integration rule.
These values are

xi = ± { (775 + 9)*,; + 32xc + (-7 >/5 + 9)Xi + 1

i ) f t + (V5 - l)/i + i]} (19a)

X2 = ± { (-7 V5 + 9)xt + 32xc + (7 V5 + 9)*,- + 1

fi + (-V5-l)fi + l ] } (19b)

where x\ and x2 are discrete approximations for x(t) at tc —
V(l/5)| Ar/ and tc + J(l/5)± A r/, respectively. The fourth-degree
Gauss-Lobatto system constraints are then formulated at the internal
collocation points using x\ and x2 to evaluate the system equation
resulting in the discrete values f\ and /2, respectively, as illustrated
in Fig. 3. These discrete values for the system equation are then
equated with the first derivative in time of the fourth-degree polyno-
mial representing the state time history evaluated at the same points,
x( and x'2 shown in Fig. 3. The resulting system constraints are

4,i « +1

(32V5 - Af,-[(5 50/i

(20a)

(-3275 - 60)*/ + 1 + Af/[(5 - 50/2

where f{ = f ( x \ ) and /2 = f ( x 2 ) . Neither of these constraints
takes on the expected form for the fourth-degree integrator. If added
together (providing both are satisfied), however, they do recover

Fig. 3 Fourth-degree Gauss-Lobatto system constraint formulation.

the fourth-degree Gauss-Lobatto integration rule given in Eq. (13).
Therefore, the constraints given in Eq. (20) are termed the fourth-
degree Gauss-Lobatto system constraints.

A one-system-constraint-per-subinterval formulation for the
fourth-degree Gauss-Lobatto rule can be constructed. Such a for-
mulation, however, results in an NLP problem with inadequate prop-
erties. This inadequacy occurs because the parameters representing
a particular state internal to an interval do not explicitly appear in
the resulting system constraint. Thus, if a particular state variable
is not included in any of the system equations, the resulting NLP
problem will not include the associated internal subinterval state
parameter xc in the problem formulation. Therefore, no information
is available for correctly choosing these parameters.

For the fifth-degree Gauss-Lobatto integration rule, the process
of transforming the integration rule is similar to that for the fourth-
degree integration rule. In this case, the resulting state time history
approximation is a fifth-degree polynomial requiring six pieces of
information. Again, a parameter xc is added, representing the dis-
crete value of the state at the center point of the subinterval (which
is one of the three collocation points internal to the subinterval).
In addition, this value is used to compute a discrete value of the
integrand at the center point of the interval fc, which becomes the
sixth parameter. The resulting polynomial interpolant is used to
compute values for the state at the remaining collocation points,
which are

Xl = JL {(39721 + 23 l)X i + 224*c + (-39721 + 23l) */ +1

+ Af l-[(3V21+2l)/i -

*3 = 686 {(-3972T + 231) Xi + 224jcc + (3972T + 231) jc/ +1

+ Af; [(-3721 + 21) ff + 16721/,

+ (-3721 - 2l) fi + i]} (21b)

where x\ and *3 are discrete approximations for x ( t ) at tc —
7(3/7) ̂ Aff and tc + 7(3/7) ̂ Af/ , respectively. The fifth-degree
Gauss-Lobatto system constraints are then formulated using x\ and
x3 to evaluate the system equation, resulting in the discrete values
/i and /3, respectively. These discrete values are then the values of
the system equations that correspond to the two remaining internal
collocation points. The resulting system constraints are

(21a)

180)*,- -

+ (32V21 - ISO)*,- + ! + Af/ [(9 + V21 )/i + 98/i + 64/c.

(-32V21-

(22a)

t + 98/3 + 64/c

(22b)
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where f\ = f(x\) and /3 == /fe). The constraints given in Eq. (22)
are termed the fifth-degree Gauss-Lobatto system constraints.

Note that with the fourth- and fifth-degree methods, the inter-
polating polynomial is a Hermite polynomial where the states and
system equations are used to form the polynomials (analogous to
multistep methods). The resulting polynomials are optimal in the
sense that they are the best approximation possible to the integral of
the system equations given the a priori selection of the endpoints as
evaluation points. This result is accomplished by the use of orthog-
onal polynomials, similar to those methods used for constructing
the best interpolating polynomials of functions.

Methods for numerically solving ODEs calculate a sequence of
approximations {*o,*i,... ,XL} to the solution of Eq. (1) on a
mesh of time values {fo, *i» • • • » *L}- Most methods (e.g., a four-
stage Runge-Kutta integration algorithm) compute this sequence of
approximations serially, using the past r points {(tn-r, xn-r), . . . ,
(tn-i,xn-\)}to calculate the next s approximations {(£„, xn),...,
(tn+, _ i, xn+s _ i)}. This recursion may diverge unbounded from the
correct solution of the ODEs as the sequence progresses because of
the instability of the recursion formula that results from the applica-
tion of a numerical solver. In this work no recursion formula is used.
Instead, the sequence of approximations {x\, ;c2 , . . . , xn] is related
through a set of constraints, solving for the entire sequence in paral-
lel. In addition, the set of collocation methods used in this work for
numerically solving the ODEs have symmetric interpolation points
in each subinterval. This set of methods is stable at least in a finite
interval for a general class of ODEs, thus providing good stability
characteristics.21'22 Therefore, these new methods have high-order
accuracy as well as good stability properties, providing for good
approximations for the states over an interval of integration.23

In each of these four differential equation integration methods,
there are n more state variable parameters than constraints. For the
trapezoid and Simpson's methods, there are 2n state variable param-
eters and n system constraints per subinterval, and for the fourth-
and fifth-degree methods there are 3n state variable parameters and
2n constraints per subinterval. If the parameters that represent the
states at the left endpoint t{ are constrained, then each formulation
will have the same number of variables and constraints. This is
analogous to the initial conditions given in Eq. (2) for the system
differential equations given in Eq. (1). If a time history is subdivided
into a total of L subintervals, there will yet be only n state variable
parameters more than there are system constraints, again allowing
for the application of constraints to specify initial conditions, final
conditions, or a mix of n boundary conditions.

Note that the derivations of the fourth- and fifth-degree formula-
tions were accomplished using the symbolic mathematics computer
program Maple.24

Direct Solutions
To find an optimal control history, the system equations given

in Eq. (1) are numerically solved using one of the four sets of
Gauss-Lobatto system constraints while applying the boundary con-
ditions given in Eqs. (2) and (3). The control variables are discretized
by providing parameters representing discrete values for the con-
trols for each discrete time at which the system equations are eval-
uated. Such controls are termed free controls20 because the only
relationship between parameters used to discretize a control vari-
able is in the system constraints used to solve a problem, e.g., the
control variable representation is not constrained to be piecewise
cubic. For example, using the fourth-degree Gauss-Lobatto system
constraints given in Eq. (20) to solve the system (1-3), four sets of
control parameters are provided in each subinterval, i*/, uit\, n/ t2,
and M/ + I, representing discrete values of the control variables at
the subinterval endpoints and at the two internal collocation points.
These parameters are optimally chosen to minimize the performance
function given in Eq. (4) while satisfying the chosen system con-
straints along with the initial conditions given in Eq. (2) and the final
condition constraints given in Eq. (3). Such a formulation takes on
the following form of an NLP problem.

Minimize:

Subject to:

= 0, for i = 1,2,3, . . . , L

• = 0, for i = 1,2,3, . . . , L

The algorithm used in this work to solve this NLP problem is
NZOPT.25 NZOPT is a set of Fortran subroutines, based on a se-
quential quadratic programming algorithm, for minimizing a smooth
function subject to constraints, that may include simple bounds on
the parameters, linear constraints, and smooth nonlinear constraints.
All work was performed on a Cray C90. The partial derivatives for
this method are computed analytically, and the constraint satisfac-
tion tolerance is chosen by the algorithm to be the square root of
the relative machine precision, which is approximately 7.11 x 10~15

(which gives a constraint tolerance approximately 8.43 x 10~8).
Once a solution to the NLP problem is found, an approximation

to the solution of the original problem has been computed. The
accuracy of this numerical solution may be checked by integrating
the system Euler-Lagrange equations, i.e., the costate differential
equations (6) coupled with the system differential equations (1),
backward from the final time T to the initial time tj. The final
conditions for the states XL are taken from the NLP solution as are
any needed multiplier variables v (Ref. 20). These values may be
used to compute final values for the costates X(T) using Eq. (7).
Then, integrating background from the final time T to the initial
time tj and comparing state values recovered from this backward
integration with the initial state values given in Eq. (2), the accuracy
of the NLP solution may be checked.

Low-Thrust Spacecraft Orbit Transfer
As an example of the use of the optimization methods described,

an orbit transfer problem in which the rocket engine imparts a con-
stant thrust acceleration to the spacecraft is considered. Motion is
confined to a single plane. The spacecraft's position is described
with polar coordinates {r, 9} that have their origin located at the
center of mass of the attracting body, as illustrated in Fig. 4. In addi-
tion, the radial and tangential velocities vr and vt, respectively, are
shown. Thus, the spacecraft's velocity vector V = {ur, vt}T. The
only control variable is the thrust angle ft that is measured relative
to the local horizontal. Finally, the thrust acceleration A is the thrust
divided by the mass of the spacecraft and is considered to be of con-
stant magnitude for this investigation. The state variables are then
jc = {r, 0, iv, vt}T resulting in the system equations

= vr
dr
~dt

— - ^L
dt r

div

di>,
~d7

ur
r

vrvt

r

(23)

(24)

(25)

(26)

Fig. 4 Two-dimensional polar
coordinates describing
spacecraft trajectory: S/C,
spacecraft; V, spacecraft
velocity; A, thrust acceleration;
and /3, thrust direction.

Reference Line
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The length units (LU) and time units (TU) are chosen such that
the gravitational constant /x is unity. (In these canonical variables,
2jr time units would represent the period of a circular orbit at the
surface of the attracting body.) The constant acceleration magnitude
A, the initial time f/ , and the final time T are arbitrarily chosen to be
0.01, 0.0, and 50.0, respectively. For this problem, the performance
function is the total specific energy at the final time T that is to be
maximized. Thus,

V,(T)2] - (27)

Also, the initial conditions for the states correspond to a circular
orbit at a radius of 1.1 LU, resulting in

jc/ = {1.1,0,0, I/VTT}7 (28)

There are no final condition constraints and, therefore, *&[x(T)] is
identically equal to the zero vector (thus, v == 0).

A Posteriori Verification
of the Euler-Lagrange Equations

As described in the preceding section, neither the system costate
variables, defined in Eqs. (5-7), nor the optimality condition (8) are
explicitly used in the NLP solution for the optimal control. Back-
ward integration of the Euler-Lagrange equations from final values
of the states and costates given by the NLP problem solver, how-
ever, may be used as an a posteriori check on the optimality of the
solution.

For this system, the costate variables are A = {A,r, A.0, XU r , Av,}r

and the system Hamiltonian becomes

H = A sin(/3)]

(29)
The costate system equations given by Eq. (6) become

dXr

"dT

= 0dt

- - " - * -

(30)

(31)

(32)

(33)

and the final conditions for the costates given by Eq. (7) become

A(T) - {-l/r(T)2, 0, -vr(T), -vt(T)}T (34)

The optimality condition given in Eq. (8) becomes

tan(j8) = ~XVr/-XVt (35)

Equations (30-33) may thus be integrated simultaneously with
the system (23-26) using the optimal control given in Eq. (35) and
the final values for the states that result from the NLP solution and
the final values for the costates given in Eq. (34). The accuracy
with which the initial states are recovered is then a measure of
the accuracy of the discrete (NLP) solution for the optimal control
problem.

Results
The resulting optimal trajectory when using the fifth-degree sys-

tem constraint with 30 subintervals is shown in Fig. 5. As can be
seen, the trajectory is a multirevolution spiral away from the attract-
ing body. The optimal thrust pointing angle is shown in Fig. 6. The
results from the direct and COY methods are both shown in these
figures; differences are too small to be seen in the figures. The op-
timal final values of the states are x*(T = 50.0) = {4.316, 20.09,
0.1566, 0.4986}7 and the optimal final energy resulting from this

case is —9.512 x 10 2 (which is not sufficient for escape). Using
Eq. (34), the final values of the costates are then computed to be
A*(7 = 50.0) = {-5.367 x 10~2, 0.0, -0.1566, -0.4986}7.

To perform the backward integration, the package ODE is used.26

This package uses a modified divided difference form of the Adams
predictor-corrector integration formulas and local extrapolation. It
adjusts the order of the integrator and the stepsize to control the
local error. We have used it extensively with good results.

The results of an investigation of the accuracy of the solution of
this problem using each of the four system constraints are shown in
Tables 1 and 2. These results are for the cases with subintervals of
equal length with a total of 10, 20, 30, 40, 50, 60, 70, and 80 subin-
tervals. Shown in Table 1 is the relative error in the values of the
radius at the initial time that results from the backward integration of
the system Euler-Lagrange equations. Similarly, Table 2 shows the
relative error in the velocity obtained from backward integration. As
can be seen, the error for each of the methods decreases as the step-
size Ar/ decreases with the higher order methods' errors decreasing
more rapidly. With the fourth- and fifth-degree methods the errors
begin increasing as the number of subintervals increases past 70 and
60, respectively. This behavior is a clear example of the effects of
finite precision arithmetic, of which Conte and de Boor warned,14

where an accumulation of rounding errors begin to dominate the

_________Table 1 Error in the initial position

XT ,1 r System constraintNumber of ————————————-————————————————————
subintervals Trapezoid Simpson's Fourth degree Fifth degree

10
20
30
40
50
60
70
80

2.529 x
2.112 x
6.415 x
2.823 x
1.595 x
1.036 x
7.323 x
5.478 x

icr1

icr1

io-2

io-2

io-2

io-2

io-3

io-3

4.641
4.455
9.764
3.248
1.353
6.583
3.548
2.123

x
x
x
X

X

X

X

X

io-2

io-3

io-4

io-4

io-4

io-5

io-5

io-5

5.533
1.136
1.222
6.283
2.748
1.884
1.118
1.154

x
x
X

X

X

X

X

X

io-3

io-4

io-5

io-6

10~6

io-6

10~6

10~6

3.475
4.237
9.109
8.753
6.799
2.427
4.973
9.576

x
x
X

X

X

X

X

X

io-4

io-6

io-7

io-7

io-7

io-7

io-7

io-7

-2 -1 1

X (LU)

Fig. 5 Trajectory optimizing final orbit energy.
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0.25

0.2

0.15

0.1
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Fig. 6 Optimal thrust pointing angle time history.
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Table 2 Error in the initial velocity

Number of
subintervals

10
20
30
40
50
60
70
80

System constraint

Trapezoid

1.296
7.710
3.780
2.146
1.371
9.487
6.948
5.309

X

X

X

X

X

X

X

X

lo-1

io-2

io-2

io-2

io-2

io-3

IO-3

IO-3

Simpson's

3.501
3.804
8.011
2.660
1.104
5.411
2.919
1.730

x
x
X

X

X

X

X

X

io-2

io-3

io-4

io-4

io-4

io-5

io-5

io-5

Fourth degree

4.947
9.365
1.115
2.263
1.376
9.000
5.646
5.863

x
x
X

X

X

X

X

X

io-3

io-5

io-5

io-6

10~6

io-7

io-7

io-7

Fifth degree

2.576 x
4.057 x
3.698 x
3.376 x
2.580 x
1.896 x
4.766 x
9.433 x

io-4

10~6

io-7

io-7

io-7

io-7

io-7

io-7

Table 3 Results from equal error investigation with
_________minimum relative error of 10~2_________

System Position Number of Number of CPU time,
constraint error subintervals parameters s

Trapezoid 0.9977 x 10~2

Simpson's 0.9230 x 10~2

Fourth degree 0.8785 x 10~2

Fifth degree 0.7004 x 10~2

61
16
9
7

310
101
104
89

12.6
3.6
3.6
3.4

Table 4 Results from equal error investigtion with
minimum relative error of 10~3

System Position Number of Number of CPU time,
constraint error subintervals parameters s

Trapezoid 0.9912 x 10~3

Simpson's 0.9764 x 10~3

Fourth degree 0.8929 x 10~3

Fifth degree 0.8643 x 10~3

183
30
15
9

920
185
170
113

283.2
6.2
5.6
3.9

Table 5 Results from equal error investigation with
minimum relative error of 10~4

System Position Number of Number of CPU time,
constraint error subintervals parameters s

Trapezoid * * * *
Simpson's 0.9324 x 10~4

Fourth degree 0.8668 x 10~4

Fifth degree 0.7226 x 10~4

55
21
13

335
236
161

19.1
9.2
5.5

Table 6 Results from equal error investigation with
minimum r**»lsitivp> Ai*iwr e\f "IO 'minimum relative error of 10

System Position Number of Number of CPU time,
constraint error subintervals parameters s
Trapezoid * * * *
Simpson's 0.9920 x 10~5

Fourth degree 0.9687 x 10~5

Fifth degree 0.9152 x 10~5

98
31
18

593
346
221

45.9
20.4
9.3

solution accuracy. The minimum error obtained for the fifth-degree
method is slightly greater than 10~7. The constraint tolerance is
slightly less than 10"7. The accumulation of the rounding errors in
the interpolating polynomial at the constraint points has affected the
solution accuracy to the point that it begins to dominate. With the
trapezoid and Simpson's methods the rounding error introduced by
constraint tolerance will cause the minimum error achieved to be
greater than that of the higher-order methods.

In a subsequent investigation, the number of subintervals was
adjusted for each of the four system constraints until the magnitude
of the error in the initial value of the radius vector just reaches
a specified accuracy. The results are shown in Tables 3-6. In our
experience, there exists a practical upper limit of approximately
1000 parameters in the size of the NLP problem that may be solved
by NZOPT. Thus, for those cases in which the trapezoid rule failed
to achieve the desired accuracy with 1000 or fewer parameters, an

asterisk replaces the expected data. As expected, the higher-order
integrator requires fewer subintervals to achieve a given accuracy.
In addition, the fifth-degree system constraint requires the fewest
number of parameters in each case to achieve the desired accuracy.
For the cases shown in Table 3, each of the solution methods achieves
approximately the same accuracy using relatively few parameters
and little CPU time. The benefit of using a higher-degree system
constraint is illustrated in Table 4 where the number of parameters
and the CPU time required increase substantially for the trapezoid
rule. In addition, the trapezoid rule could not achieve an accuracy
of 10~4 as shown in Tables 5 and 6.

The Simpson's rule system constraint also uses significantly more
NLP parameters and CPU time than are required for the constraints
corresponding to higher-order quadrature rules, as shown in Table 6.
In addition to the problem of solution accuracy, solving NLP prob-
lems using Simpson's system constraint with large numbers of pa-
rameters can become quite difficult.15 Thus, the use of a higher-order
system constraint may be needed to reduce the total number of pa-
rameters used so that a solution to the NLP problem may be found.

Other investigations using higher-order rules are being con-
ducted. A direct collocation solution to the problem of optimal in-
terception of Earth-orbit-crossing asteroids, using the fifth-degree
Gauss-Lobatto system constraints, has been found.27 In addition, a
direct collocation method based on a seventh-degree Gauss-Lobatto
quadrature rule has been used to find minimum time, very-low-
thrust, three-dimensional, Earth-moon orbit transfers incorporat-
ing third-body effects where the total transfer time is in excess of
30 days.28 In these problems, both of which are more substantial
than the example problem presented in this paper, the methods have
proven to be robust, exhibiting no problems with stability.

Conclusions
A method for solving the system differential equations of a dis-

cretized optimal control problem, using constraints corresponding
to higher-order Gauss-Lobatto numerical integration rules, has been
described and its application to a low-thrust orbit transfer problem
given. The results of this investigation show that the higher-order in-
tegrators do provide accurate solutions with fewer total parameters
than lower-order integration rules such as the trapezoid rule require.
These results also show that as the desired accuracy of a solution
increases, the number of parameters and execution time for a lower-
order system constraint increase faster than those for a higher-order
system constraint. Thus, higher-order system constraints are rec-
ommended for accurate solutions of large nonlinear programming
problems resulting from the discretization of trajectory optimization
problems. Examples of such large problems where these new con-
straints would be beneficial are many-revolution or long-duration
transfers for vehicles using very low-thrust propulsion.
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